This article was downloaded by:

On: 28 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

VELUHE L UM ) 0 S DR Physics and Chemistry Of Liquids
Physics and Publication details, including instructions for authors and subscription information:
Chemistry of Liquids http://www.informaworld.com/smpp/title~content=t713646857

AN INTERNATIONAL JOUARNAL

Coordinate Space form of Interacting Reference Response Function of

Jellium Model of an Electron Liquid

A. Holas% N. H. March®; M. P. Tosic

* Institute of Physical Chemistry of the Polish Academy of Sciences, Warsaw, Poland ® Inorganic
Chemistry Laboratory, University of Oxford, Oxford, England © Scuola Normale Superiore, Pisa, Italy

Norman H. March

Emeritas Profesios, Oofond Unbee ity UE
M,

Giuseppe G. M. Angilella
{Co-Erfier] Uriversits o Catania, (starcs, Jlsly

To cite this Article Holas, A., March, N. H. and Tosi, M. P.(1995) 'Coordinate Space form of Interacting Reference
Response Function of Jellium Model of an Electron Liquid', Physics and Chemistry of Liquids, 30: 2, 103 — 111

To link to this Article: DOI: 10.1080/00319109508046429
URL: http://dx.doi.org/10.1080/00319109508046429

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://ww.informaworld. confterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |oan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713646857
http://dx.doi.org/10.1080/00319109508046429
http://www.informaworld.com/terms-and-conditions-of-access.pdf

08: 16 28 January 2011

Downl oaded At:

Phys. Chem. Lig., 1995, Vol. 30, pp. 103-111 11 1995 OPA (Overseas Publishers Association)
Reprints available directly from the publisher Amsterdam B.V. Published under license by
Photocopying permitted by license only Gordon and Breach Science Publishers SA

Printed in Malaysia

COORDINATE SPACE FORM OF INTERACTING
REFERENCE RESPONSE FUNCTION OF JELLIUM
MODEL OF AN ELECTRON LIQUID

A. HOLAS

Institute of Physical Chemistry of the Polish Academy of Sciences, Kasprzaka
44, 01-224 Warsaw, Poland

N.H. MARCH

Inorganic Chemistry Laboratory, University of Oxford, South Parks Road,
Oxford OX1 3QR, England

M. P. TOSI

Scuola Normale Superiore, Piazza dei Cavalieri 7, 1-56126 Pisa, Italy
( Received 1 February 1995 )

The interacting reference response function (k) of jellium in k space is defined, according to Niklasson
(1974), in terms of the momentum distribution n(p) of the interacting clectron liquid in a similar way as
the Lindhard function y, (k) in terms of the Fermi distribution n,(p). Here the Fourier transform F(r) of
1, (k) is investigated. Using the known analytic behaviour of n(p). the small and large r forms of F; are
exhibited cxplicitly. In an Appendix. it is shown that a suitable model of n(p) can be constructed which
interpolates between these limits. Some brief comments arc added concerning the representation of F;(r)
in terms of the Green function.

KEY WORDS: Momentum distribution, interacting electron liquid.

1. INTRODUCTION

The exact linear density response function y(k, w) of the jellium model of an interac-
ting electron liquid is customarily written in the form of an RPA-like expression
modified by the presence of the local field factor for exchange and correlation. The
non-interacting (Lindhard) response function y,(k,w) plays the role of a reference
function in this expression. If, however, it is replaced by y,(k,w)-the interacting
reference response function (IRRF) defined by Niklasson' in a similar way as
x,(k, ) but with the ideal Fermi momentum distribution n,(p) replaced by the true
momentum distribution n(p)-then the accompanying local field factor is much
weaker in the large-k region. It tends Lo a constant at large k, as compared with the
local field factor accompanying the Lindhard function which, as shown by Holas,” is
asymptotically proportional to k2.
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In a recent paper® the interacting linear response function of the jellium model
has been studied in relation to the local field factor for exchange and correlation.
The present work lies in the same general area.

1.1 Definition of interacting reference response function in k space

In k or reciprocal space, the IRRF (in the static limit & =0 which is of interest only
here) is defined® (see also Holas?) as

n(p)

—_— 1.1
k* + 2k-p’ (1D

xi(k)y =y lk,w=0)= _% PJ‘d3p

where n(p) is the momentum distribution of the interacting electron fluid and we
have set h=1. Owing to the isotropy of the homogeneous phase of jellium, the
angular integration in eqn. (1.1) can be carried out to yield:

* k+2p| (12)

m
xi(k)= —mﬁ dppn(p)In k=2

When the momentum distribution n{p) is replaced by the non-interacting result-
namely the Fermi distribution

ny(p)=0(k, — p), (1.3)

with Fermi momentum k, related to the electron density p by k}=37’p, one
obtains the well-known Lindhard result

mk,[1 (k> =k |k + 2k,
=M B T ol 4
Tolk)= =3 [2+ Skk, " |k—2k,] (L4

In the following section, we shall investigate the coordinate space response
function, F,(r) say, which is the Fourier transform of y,(k), namely

1
F,(r) = (“27)5 J‘d”& CXp(i ker) /{!(k)

] .
:——,J dkk sin(kr) (k). (1.5)
2ncr ),

)

The second step in eqn. (1.5) follows readily after again performing the angular
integration.
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2. COORDINATE-SPACE RESPONSE FUNCTION F,(r)
Using eqn. (1.2) for x,(k) in eqn. (1.5) we can employ the definite integral

k+2p
k—2p

J dksin(kr)In

0

‘ = Zsin(2pr) @.1)
given by Gradshteyn and Ryzhik* to obtain the r space form of the IRRF, namely

Firy=— _m}_ZJ‘ ‘dppn(p) sin(2pr). (2.2)

2r°rt J,

Of course, n(p) depends on the jellium density p = 3/(4nr?), where r, is the mean
interelectronic spacing. In the homogeneous phase n(p) tends to n,(p) in eqn (1.3) as
r,—0 and Daniel and Vosko® have used many-body perturbation theory to study
the form of n(p) in the regime of small r_. But in the density range corresponding to
simple metals, with 2 <r <6 in units of the Bohr radius g,, we cannot determine
n{p) analytically, though numerical data now exist from quantal Monte Carlo
simulation.®

Inserting the Fermi distribution n,(p) in eqn. (2.2) the well known result of March
and Murray’ for free electrons follows:

mk2 j, 2k r
Fo(r): _ 5;%./1("2/ ) (2.3)

where j, (x) is the first-order spherical Bessel function [sin(x) — xcos(x)]/x2.

2.1 Small-r expansion of response function F(r)
It will be convenient in what follows to introduce the function A,(r) related to
F(r) by

23?2
A,(r)=— F,(r)
m

= f Jdppn(p)sin(2pr). (2.4)

0

Evidently, the small-r properties of A,(r} are determined by the behaviour of n(p)
at large momenta, and this is known to be

n(p)= a—: + higher-order terms (2.5)
P

with ag = (ma)p)”'g(O). Knowing the form (2.5) the derivatives of A,(r) at r =0 can be
calculated as far as the sixth derivative and the results are collected in Appendix 1.
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The seventh and higher derivatives cannot be evaluated without detailed knowledge
of the large-p behaviour of n(p) going beyond that explicitly shown in eqn (2.5). In
particular, these derivatives may become infinite for some forms of n(p). But in
Appendix 2, a model for n(p) is set up which is analytical as p— oo and which
satisfies the property (2.5). The corresponding 4,(r) is analytical at r =0.

Using eqns (A1.1)-(A1.8), the following asymptotic expansion is obtained:

mp 4 2, 8 dg s
-y 2 ST sy | .
F(r) — [1 3’m<T>r + 15m {T*>r 457Tpr + (2.6)

The first three terms in the square brackets are as given by March and Tosi,> the
term of O(r®) being evaluated beyond their study. The normalization condition
{d3pn(p)=[d>pn,(p)=4n’p has been utilized above, and the average of the n'"
power of the kinetic energy is given as

fd*pp* n(p)

= e )

Q.7)

We turn next to the large-r expansion of F (r).

2.2 Long-range behaviour of F(r)

Since A,(r) in eqn.(2.4) can be readily rewritten in the form of a one-dimensional
Fourier transform

o

An)= Imj dp0(p) p n(p)exp(2irp), (2.8)

-

one can apply immediately the methods developed by Holas and March.® These
were based on the Lighthill® technique and were used explicitly to analyze the
long-range behaviour of the total correlation function g(r) — 1 in jellium, having a
form analogous to that in eqn. (2.8).

The momentum distribution n(p) is known in the homogeneous phase to have a
discontinuity (reduction by a jump) Z, at p =k, and, most probably, discontinuities
in its derivatives there. The form of n(p) may be expressed generally as

x

1 .
Y i b{p— kf)’] + analytical part (2.9)

=0 .

n(p) = sgn(p — k,-)[

where the coefficient b, = —Z /2. Therefore the oscillatory part of the large-r asymp-
totic expansion is

¥ s\ Jjt1
APy = 2Im{|: 2, (kb +jb;- J(ﬁ) ]exp(2ik,-r)}

j=0
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kb, kb,+2b 1
-] - o )

kb, +b, kby+3b 1
— 2sin(2k L1 e S5 2 ! .
sin (2k ;r) |: o (2 +0 <r">} (2.10)

Because of the theta function present in eqn. (2.8), the integrand is non-analytic at
p=0. This may lead to a non-oscillatory contribution to the large-r expansion.
Assuming the following expansion of n(p) at p=0,

=3 Lep 211
i=0J:
we obtain
x 2nc
4non—osc — —1 "_L_l_ 212
I (r) "Zl ( ) (2r)2n+ 1 ( )

It should be noted that only the odd terms in the power series expansion (2.11)
contribute to the long-range expansion (2.12), with the leading term being of order
r~ 3 if the first derivative of n(p) at p =0 is non-zero.

Thus, one has the following asymptotic large-r expansion for the interacting
response function:

m

F,(r=
1) 2732

[ATOn =55 (1) 4 A5 (p)]. (2.13)

This has a leading term =~ [COS(2kfI‘)]/V3, which is due to the discontinuity in n(p) at
p=k,. This is the same type of behaviour as exhibited by the March-Murray
non-interacting function F,(r) in eqn. (2.3), but one can expect the coefficient in that
function multiplying the [cos(Zkfr)]/r3 term at large r to be reduced by the
electron-electron interactions since the discontinuity in n(p) at k, is Z {1 for r>0.

3. DISCUSSION AND SUMMARY

In Appendix 1 of March and Tosi® the non-interacting response function F, is
written in terms of the Green function. Knowledge of the exact momentum distribu-
tion function n(p) in the homogeneous phase of jellium determines the interacting
reference response function completely because of eqn.(2.2). In Appendix 3, there-
fore, a brief summary is given of the way in which n(p) can be expressed in terms of
the Green function.

To summarize, the main results of the present work are the expression (2.2) for the
interacting reference response function F,(r) in the form of a single integral, and the
small-r and large-r expansions of this function given in eqns.(2.6) and (2.13)
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respectively. In addition, a model form of n(p) has been set up in eqn. (A2.1) in
Appendix 2, which leads to the model for F,(r) in eqn. (A2.7) interpolating between
these two limiting forms.
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APPENDIX 1. LOW-ORDER DERIVATIVES OF A,(r)atr=0

The following results are immediately found from eqn. (2.4):

d O
d—rA:(r)I,:o=2j dpp* n(p), (AL1)
(0]
d 2
<5> A4;(N,-o=0, (A1.2)
d 3 o
<5> A:(r)lr=o=~2sf dp p* n(p), (A1.3)
0
d 4
<;d-,,> Ap(r)),=0=0 (Al.4)

and

d\’ o
<E> Az(r)|,=o=25f dp p® n(p). (A1.5)
0
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Evaluation of the sixth derivative needs some care. We can write

6 oL
<;—i’> A,(r) = —26J dp p” n(p)sin(2rp)
C

o

Ps (e € ~y
= 2| " app n(pysin@m) + ay | apSmEP) | (A1.6)
8

0 Po p

where the momentum p, has such a large value that n(p) for p> p, is accurately
represented by the leading term of the expansion (2.5). The second integral in the
square brackets in eqn.(Al.6) is equal to [Si(ec)— Si(2rp,)], where Si(x) is the
so-called integral sine function,

Si(x) = f e S”’Im (A17)
0

with Si(oc) = /2 and Si(0) = 0. Thus the limit of the result (A1.6) for r -0 is given by

d 6 .
r Afril, =g = —27muyg. (A1.8)

APPENDIX 2. EVALUATION OF F,(r) USING A MODEL n(p)

Let us consider the following model momentum distribution function,

a
n(p) = n,(p) + ng(p) = 0tk — p)a + fp*) + (?ﬁ (A2.1)

It obviously satisfies the property (2.5), being also analytical at p = oc. Of its five
parameters, k, and ag have obvious meaning, while «, f and y can be determined
from three requirements on n(p):

(1) it satisfies the normalization condition formulated under eqn. (2.6), which now
takes the form

3 oay
.3.,5 7 &
32k3;

3 2
o+ gkj-/} + (A2.2)

(i) it reproduces the value of {T ), which is quite accurately known from differenti-
ation of the correlation energy of the interacting electron gas,

Stoay  (Ty
3205 (T

(A2.3)

5 ki
+okB+
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(ili) it reproduces the discontinuity Z , also available with reasonable accuracy,
a+kif=2,. (A2.4)

After inserting the model n(p), eqn. (A2.1) into eqn. (2.4) all integrations can be
performed analytically. The result is

2
A= % {[ —(a+ k2P + ;TﬁZJ cos(2k,r) + [“ ;ikrfﬂ _ 4;/}r3}sin(2kfr)} (A2.5)
f S

3na 4
Ab(r) = ﬁﬁr (1 + 2yr+ §y2r2> exp(—2yr). (A2.6)
The latter result was obtained with the help of tables* under the assumption that
7> 0. It should be noted that A%(r) is analytical at r =0, in spite of the behaviour

ng(p)~p~ 8+ 0(p™ 1% at large p. Of course A{(r) is analytical at r =0 too.
Finally, we have the following model response function,

Fi(r)= =3[ Af 0 + AR, (A27)

It can be readily verified that the small-r expansion of this function (A2.7) agrees
with the small-r expansion (2.6), while its large-r behaviour agrees with the expan-
sion in eqn. (2.13). It should be noted that the contribution due to 4%(r) is exponen-
tially small at large r, and that non-oscillatory terms are absent because even powers
only enter the small-p expansion of the model n(p) in eqn (A2.1).

APPENDIX 3. REPRESENTATION OF n(p) IN TERMS OF THE GREEN
FUNCTION
Knowing the exact n(p) we have the exact F,(r) through eqn.(2.2). But (see, for

example, Ziesche and Lehmann'®) the momentum distribution can be expressed in
the form

nip)= —iG(p, —d) = sz L dwG(p, w)explicd) (A3.1)

with & a positive infinitesimal. Here C is a contour in the upper half of the complex-
@ plane and G(p,t) is the one-particle propagator (Green function)

G(p.ty= =i Tla,(na, (0)1. (A3.2)
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G(p,w) is simply the Fourier transform of G(p,t), while T is the time ordering
operator.

The interacting Green function G{p,w) can be expressed by means of Dyson’s
equation in terms of the free-electron Green function G,(p, w) and the mass operator

S {p, w):

-1

G(p,w)= [(u —w)— Z(p, w)J , (A3.3)

from which the discontinuity Z, is obtained as

) ReY (p.) B
[’:|:1 ——‘~_|p:k/,a)=m, .

ow

Thus the Appendix in the work of March and Tosi® could be generalized to the
many-body case.



